Unit squared root test.
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Consider the time series (Xt)tez.

@ We observe only n values X1, Xo, ..., X, of this process, and
we believe the observed values are only a part the process
above lasting forever;

e We compute ACF (pp)pez and PACF (QASK‘;V);,GZ, and imagine
that we have noticed that so many values |¢A>,)7/‘,/7V| are
significant;

@ In such a case, we no more believe this is a stationary time

series, but we believe that the process of increments X; — X;_1
is stationary;

@ In this purpose we construct the unit square test.
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Two sided sequences

Let Z be the set of all integers, i.e. the natural numbers
N ={1,2,...}, their additive inverses —N = {—1,—-2,...} and 0.

Two sided sequence

A two sided sequence is a sequence with infinite duration in the
positive and negative directions. Formally two sided sequence is the
transformation of Z into R with a generic element

X = (Xt)tEZ — ( coy X2y, X1, X0, X1, X2, .- - )

The set of all two sided sequences is denoted as RZ.
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Two sided sequences

The set of all two sided sequences form a vector space with the
natural operations:

e for any vectors (x;)tcz € R% and (yt)tez € R”

(xt)tez + (Ve)tez = (Xe + ye)tez

o for any @ € R and any vector (x;):cz € R”

a(xt) ez = (axt)tez.

@ the zero-vector is the sequence where all coordinates are 0:

0= (O)tez-
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Useful linear operators

Shift-backward operators

For any x € R? we define the shift-backward operator
B : R? — RZ as follows:

B(Xt)teZ = (Xt—l)tez-

We can alternatively express

Bx; = xz—1 foranyt e Z.
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Useful linear operators

Differentiation operator

For any x € R? we define the differentiation operator as follows:

V(Xt)tGZ = (Xt - Xt—l)teZ-

We can alternatively express

Vx: = Xt — X¢—1 forany t € N.
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Useful linear operators

Properties:
@ Both B and V are linear operators on R%;
@ The kernel of B is 0, hence B is an injective operator;

@ The kernel of V is the linear subspace of constant sequences
(x)tez, hence V is not injective;

If I is the identity operator on RZ, then the following equation
holds

Vx: = xt — x¢—1 = Ix¢ — Bxy = (I — B)x¢;
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Polynomial operator

Let B2 := Bo B, B3 = Bo Bo B and more generally

B"=BoBo...oB.
—_———

n times.

Polynomial operator

The operator in on R% with the form
w(B) := agl+a1B+...+a,B" for some ag, az,...,a, € Nyn € N

is called a polynomial operator.
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Polynomial operator

Characteristic polynomial

Let n € N and ag, a1, ...,a, € R. For any polynomial operator
w(B) = apl + a1B + ... + a,B"
we define the corresponding real (or even complex) polynomial

w(\) =ao+ a1 A+ ...+ ap\”

called characteristic polynomial.
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Polynomial operator and its characteristic polynomial

The polynomial operator w(B) is invertible on R” if and only if its
characteristic polynomial w(\) has all roots outside the unit sphere
in the complex plane. That is the following equation holds:

V,\E(cw()\) =0= |/\| > 1.
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ETNTIES

The following operator
w(B) =1—¢B

is invertible on R” if and only if |¢| < 1. Its characteristic
polynomial is
w()) =1— oA
A unique root is A\; = 1 for which |\| = ﬁ Then
@ if |¢| > 1 then |A| < 1 and by the last theorem, w(B) is not
invertible;

o if |¢| <1 then |A| > 1 and by the last theorem, w(B) is
invertible;
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ETNTIES

The following operator:

w(B) =2l — 3B + B?

is not invertible. If it is invertible then the moduli of all roots of the
characteristic polynomial

w(d) =2 —3X+\°

are both strictly greater than 1. But it is not the case. Both square
roots are A\; = 1 and Ay = 2 and one of it satisfies |A;| =1 (not
> 1).
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Processes AR, MA

The following processes can be expressed with the polynomial from
@ Processes AR(p) can be expressed in the following form

Xe — 1 Xem1 — ... — PpXe—p = €1,
hence it can be expressed as
w(B)X: = €
with the polynomial operator
w(B)=(1—-¢1B —... = ¢,B");

@ Processes MA(q) can be expressed in the following form
Xe=¢€ — 01601 — ... — Og€t_q,
hence it can be expressed as
Xi = m(B)es
with the polynomial operator
m(B)=(1—-60B—...—04B").



Process ARMA

e Finally ARMA(p,q) can be expressed in the following form
Xe— 1 Xe1 — .. — OpXe—p = €t — 1601 — ... — Og€t_gq,
hence it can be expressed as follows
w(B)X: = m(B)ey,

where
w(B)=(1—¢1B— ... — ¢pBP);

and
7(B)=(1— 0B —...— 04B9).
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Stationarity of ARMA

Theorem on stationarity of ARMA

The processes ARMA(p,q) in the polynomial form

w(B)X: = m(B)er

is stationary if and only if its characteristic polynomial w satisfies

Vaecw(A) =0= |\ > L.
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Main corollaries

Corollaries

The process ARMA(p,q) in the form w(B)X; = m(B)e;

e is stationary if and only the characteristic polynomial w has all
roots outside the unit circle in C;

@ the polynomial operator is invertible, hence the inverse
operator w—!(B) exists;

o there is a power series of w—1(B) with the same coefficients as
the rational function ﬁ;

@ in such a case the time series may be expressed explicitly as
follows:

Xi = W_I(B)ﬂ'(B)et;
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Nonstationarity of AR(1)

Consider the model AR(1) with included constant y:
Xe— = (X1 — p) + €,
and assume additionally ¢ € (—1,1]. Equivalently we may express
Xe = Xeo1 = (1 — ) + (6 — 1)Xe1 + €2,

or
—_—— —
%5 2
By the current results, X; is nonstationary if and only ¢ =1 or
equivalently ¢5 = ¢7 = 1.
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Unit root test for AR(1)

We test the following equivalent hypothesis

@ X; is nonstationary;

o VX; = X; — X¢_1 yields a white noise, that is X; is the
standard random walk;

e p=1;
° 5= 91 =0.
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Unit root test for AR(1)

More formally,

@ We test the hypothesis that X; is not stationary, against X; it
is nonstationary.

@ For this purpose we test the following auxiliary hypothesis:
Ho:¢6=1 VS Hi:¢<1.
o Equivalently we test
Ho:¢5=¢1=0 VS Hp:¢]<0;

@ For this purpose we apply the Dickey-Fuller test called unit
root test.
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Unit root test for AR(1) - construction

@ We construct the estimator of [¢5, qbl]T using the least
squared method, i.e. the estimator [¢§, $;]7 minimizes the
following expression

n
D (VXe — 05 — $1BX:e)? for ¢, ¢f € R.
t=1

@ Then q@’{ is a random variable whose variance is approximated
by the following estimator:

n

A (VXe = 05— 61BX,)* o
Var(¢}) ~ = where X =—->"X,.
3 (BX, — X)? =
t=2
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Unit root test for AR(1) - construction

o Let us denote:

1 & 2% 2k 2
—=3 2 (VXe — ¢pg — 01 BXt)
n—3
Var($7) = =2 and  SE(d;) = \/Var(¢3)-
> (BXe — X)?
t=2

o The relative standard error of ¢} is the test statistic of the
unit root test ~
_ 9

- SE(d})
o If the hypothesis Hy is true, then the asymptotic statistic DF
has the distribution tabularized by Dickey and Fuller.

Dynamic and Financial Econometrics



Unit root test for AR(p) - construction

Let us generalize the problem of nonstationarity toward AR(p):

Xe —pp = ¢1(Xe—1 — p) + ¢2(Xe—2 — ) + ... + dp(Xp — 1) + €.

@ lts characteristic polynomial has the following form
w(A) =1 — d1d — daX? — ... — AP

@ If A =1 is one of the roots of w, by our theorems X; is not
stationary, and it is a kind of random walk.

@ Because of that, we test the auxiliary hypothesis

Ho:w(l)=0 VS Hp:w(l)#0.
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Unit root test for AR(p) - construction

@ Since
W(l):0<:>1—(;51—(;52—...—¢)p:0,

@ we test equivalently

P P
Hg:Zgbk:l VS Ho:Zqﬁk;él.

k=1 k=1

@ Let us transform this hypothesis.
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Unit root test for AR(p) - construction

The expression
Xe— = p1(Xee1 — ) + p2(Xe—o — 1) + ...+ 0p(Xp — 1) + €t
is equivalent to

VX = ¢o+ p1BXe— 1+ 03V Xe 1+ .o+ 0V X (p—1) + €1,

where ) )
qss:u(l—Zas,-), $r=> i1
i=1 i=1

and for j=2,3,...,p

p
¢r==> ¢i
=)
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Unit root test for AR(p) - construction

@ Hence the hypothesis

P p
Ho:) k=1 VS Ho:) ¢x#1
k=1 k=1
is equivalent to

Ho:¢o=¢1=0 VS Ho: ¢y +#0or (or even and) ¢7;

o As a result, if Hy is true then the differentiated process VX; is
the AR(p-1). Indeed

VX = ¢+ p1BXe-1+03V Xeo1 + ...+ 0V X (p—1) + €1
N—_———

=0 under Hy
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Unit root test for AR(p) - construction

We test the following hypothesis at the same time

@ X; is non-stationary;
@ VX: = Xt — X¢—1 is AR(p-1) (without included constant);

o In case of AR(1), VX; is a white noise;
o Generally, VX; reduces the lag from p by 1;

o w(l)= 3 di =1,
k=1
o ¢ =i =0.
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Unit root test for AR(p) - construction

We construct the test statistic.
@ The estimator of [¢5, 7, ..., gzﬁ;;]T is computed by the least

squared equations i.e. find [&3,&{, . .,gz@;‘,]T that minimizes

(VXe — pg — ¢ BXe—1 — ¢35V Xg_q — ... — ¢;vxt_(p_1))2 for ¢g, b1y ---» ¢; € R.

M=

t=1

o The relative standard error of ¢} is the test statistic of the
unit root test N
__ %
SE(91)
o If the hypothesis Hy is true, then the asymptotic statistic DF

has the distribution tabularized by Dickey and Fuller (the same
as in case of AR(1)).
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@ We use the unit root test when we are skeptical about the
issue of stationarity;

@ We believe however that the differentiation yields the
stationary time series in AR(p-1);

@ An important premise for applying this test is many signicant
values of PACF.
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