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Linear models

All of the following models of time series X;
o classical decomposition model;
o AR(p), MA(q), ARMA(p,q);
@ white noise

are linear transformations of ;.

Dynamic and Financial Econometrics



Linear models

For example,
@ in case of MA(q)

Xt = €+ — 9]_6[-_1 — . — qut—q

is a linear transformation of (e;, €;—1, ..., €t—q)

@ in case of stationary AR(p), the model can be reformulated as
MA(o0) in the following form

o
Xe =€ — Zekﬁt—k
k=1

hence a linear transformation of €, €;_1,...;

e Similarly we conclude that the stationary process ARMA(p,q)
is linear transformation as well;

@ The white noise is identity of itself, hence linear.
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Remarks on sigma fields and the conditional probability

Let (Q, B, P) be a probability space. Let 7 C B and suppose that
F is a sigma-field. Let X be a random variable (measurable in B).
Then E(X|F) is a conditional expecation of X under F if:

e E(X|F) is an F- measurable function;
@ Forany Ae F

/A E(X|F)dP = /A XdP.

In particular, since Q € F (the full set belongs to any o field).

E(E(X|]-‘)):/QE(X|]-“)dP:/QXdP:E(X).
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Remarks on sigma fields and the conditional probability

Let (22, B, P) be a probability space. Let F C B and suppose that
F is a sigma-field. If X and Y are both random variables such that
EX? < 0o and EY? < 00 and Y is F- measurable, then

E(XY|F) = YE(X|F) P-—ae.

Definition

Let (X:)teT be a family of random variables. We define
o({Xt : t € T}) as follows:

c({Xe:teTH =0 ({XA):AcB}).
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Homoscedasticity and Heteroscedasticity

Definition

We say that the sequence of random variables X; is homoscedastic
if the variance Var(X;) is a constant (time invariant) value.
Otherwise, if Var(X;) does depend on t, the sequence X; is
heteroscedastic.

SEE

2 is constant.

The white noise €; is homoscedastic since Var(e:) = o
Similarly any stationary time series is homoscedastic. But the

standard white random walk in the form

Xt:€1+62+...+6t

is heteroscedastic since Var(e;) = to? (depends on t).
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Autoregressive Conditional Heteroscedasticity ARCH

Notation

The notation €; ~ /ID N(0, 1) means that ¢; is a sequence of
independent identically distributed random variables, and any of ¢;
has the standard normal distribution A/(0, 1).

ARCH(p)
The time series X; is ARCH(p) if has the form

P
Xt =€, |0+ Zakth_k,
k=1

where €, ~ [ID N(0,1) and ag, a1, ..., ap are unknown parameters.
The short ARCH means Autoregressive Conditional
Heteroscedasticity.
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ARCH(p) - properties

Let F: := o (€ét,€t-1,...) and let F = (Fi)tez be a filtration.
e The ARCH(p) process X; is F; - measurable. In other words,
the sequence X; is adapted to the filtration F;
@ The processes AR(p), MA(q), ARMA(p,q) and the classical
decomposition models are adapted to F as well;

@ The processes AR(p), MA(q), ARMA(p,q) and the classical
decomposition models, are linear transformations of

(€t7 Et'fla 61‘*2’ cen
@ The process ARCH(p) is a nonlinear transformation of

(6t7 €t—1,€t—2,-. ),
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The model ARCH(1)

The simplest ARCH(1) model has the form:

Xt = €t\/ O + a1XtZ_1

with ag € (0,1). After squaring both sides we have
X; = et(o0+ 01X y).

We have the following fact.
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The model ARCH(1)

The model ARCH(1) with oy € (0, 1) satisfies the following:
@ vanishing expectation: E(X;) = 0;
o homoscedasticity: Var(X;) = EX? = ;20

1—ay’

@ pairwise uncorrelated: Cov(X:, X;1p) = 0 for any h # 0.

In particalar, X; is a stationary time series.
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The model ARCH(1) (vanishing expectation)

We show EX; = 0 for all t. Indeed,

EX: = E eﬂ/a0+alxt21>

<E (et ag + Oé1Xt2_1|~7:t1>>
= E <\ / Qo + Oé]_Xt2_1E (6t|ft1)>

The last equality follows that X;_ ;1 is F;_1- measurable. Since ¢; is
independent on F;_1 we have

E(et| Fe—1) = E(€r).

I
m

Therefore, since E(e;) = 0 hence

EXt =E (E(Gt)\/ao + OélXt2_1> =0.
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The model ARCH(1) (homoscedasticity)

We are going to prove this fact. Now we expand the expression of
X? to arbitrary n

2 2 2 2
Xy = etao—i—etolet 1

2
= g —|—o<1aoetet L+ aiX2 e

k.22 1 2.2
= o g O €L€EF_1 - et P e o PR
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The model ARCH(1) (homoscedasticity)

Taking the limit in n — co and noting that af — 0

2 _ § 2
Xt (670) a1€t€t 1---€r_k>

hence

o0
2 k 2.2 2
EXf = E (ao Zaletetfl e et_k>
k=0
o0
= ook Za’l‘e%e% 1- ez_k .
k=0
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The model ARCH(1) (homoscedasticity)

By Dominating Convergence Theorem, independence of ¢; and
since e; ~ N(0,1) we have we have

2 2
EXt = OJOZOZ]_ 6 61_' 1- 61.‘—/()

= aOZal 2)E ft 1) E(G%—k)

Since EX; = 0, hence

Var(X,) = EX2 = —22

1-— a1 ’
hence we have the homoscedasticity.
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The model ARCH(1) (pairwise uncorrelated)

We show Cov(X;yp, Xt) =0 for h > 0. Since X; is Fyyp_1 -
measurable, hence

E(XexnXe) = E(E(XernXe|Feqn-1))
= E(XeE(Xeqn|Fern-1))-

Furthermore, since X;yp_1 (and consequently \/ag + a1 Xi1p_1) is

Fiihn_1 measurable, hence

E(Xexn|Fegn-1)) = E <€t+h\/ ap + a1Xt+h—1‘]:t+h—1>
= E(etqn|Fegn-1)vV o + a1 Xepp 1.
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The model ARCH(1) (pairwise uncorrelated)

Since €, p is idenpendent on F; 1 hence
E(etrnlFesn-1) = E(€rn) = 0.
Consequently,

E(Xt+h|-7:t+h—1)) = E(€t+h’-7:t+h—1)\/ ap + a1 Xepp—1 = 0.

As a result,
COV(Xt+h,Xt) = E(Xt+hXt) =0.

The proof is complete.
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The model ARCH(1)

Corollary ACF for ARCH(1)
The ACF for ARCH(1) with ay € (0,1) behaves like a white noise.

Proof of Corollary

Var(X ——
COrr(Xt,Xt) = VarEXZi = 1aol = 1.

1—as

and
Corr(Xt+h7 Xt) = Oa

hence the autocorrelation is the same as that of white noise.
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The model ARCH(p)

We have
@ The distribution X:11 under condition F; in

p
N <0, ap + Z Oéle?_k> ;

k=1
@ Hence ,
Var(Xey1|Ft) = a0 + Z akXt{k.
k=1

@ As a result the variance of X; varies in time conditionally on
Ft, hence is conditionally heteroscedastic.
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The model ARCH(p)

Remark - continue

@ In particaular, ARCH(1) is conditionally heteroscedastic
since

Var(Xes1| Fe) = ag + a1 X?

varies conditionally on F;, although as we have proven X; is
homoscedastic (Var(X:) = const).
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The model GARCH(p,q)

GARCH(p,q)
The process X; is GARCH(p,q) if has the following form

Xe = € ht,

where h; has the following form

P q
ht = + ZO[kXEik - Z,@kh?ik
k=1 k=1

and
e ~ IIDN(0,1).

In particular, ARCH(p) is GARCH(p,0).
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Correlogram of GARCH(p,q)

@ The correlogram (ACF, PACF) of stationary GARCH(p,q)
behaves like MA(q);

@ The correlogram of stationary ARCH(q) behaves like white
noise;

o If corellogram ACF and PACF breaks up in large lag, the
model GARCH(p,q) is sometimes more appropriate than
ARMA or ARIMA;

@ The data of stock exchange often fits to GARCH(p,q).
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Correlogram of stationary ARCH(1) - example

Typical barplot of ACF for ARCH(1)
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